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Several Generating functions using generalized Fibonacci Sequences
Punit Shrivastava
Dhar Polytechnic College, Dhar

Abstract: In this note | have obtained the generating functions up to third order of generalized
sequence defined by Goksal Bilgici. Also | have presented several generating functions of
several sequences as particular cases.

1 INTRODUCTION:

In [1] Goksal Bilgici defined generalized sequences {f,|", and {I,}”,. We can write f, after

some modification as follows:
f. =2af , —(a®-h) f ., n>2 (1.2)

Where f, =0, f, =1. Clearly, for (a,b):(%,%),(%,%),(l,Z) the sequence  {f,}",

reduces the Classical Fibonacci, Jacobsthal and Pell sequences, respectively.In this note | have
obtained the generating functions up to third order of generalized sequence and hence find
1. Generating functions up to third order of Fibanacci sequence.

2. Generating functions up to third order of Jacobsthal sequence.
3. Generating functions up to third order of Pell sequence.

The {f,}can also be expressed by the closed form formula.

o — B
“:a-ﬁ (12)

Where ¢ and [ are the roots of equation x> —2ax+(a*-b) =0

Sothat @ =a+,/b and g=a—,/b (1.3)

Thisgives a+f8=2a, af=a’-b, a-B=2b (1.4)

2 GENERATING FUNCTIONS OF {f_ }: Let us solve second order linear recurrence by
method of generating function. Let sequence of integer {f.} defined as follows:

f.,—2af ,+(@* -b)f =0 n>0 (2.1)
Where f, =0, and f, =1.

Theorem: Generating function of sequence of integer{ f.} is given by

Z f, x" :%, Where A =X and B, =1-2ax+(a’ —b)x?. (2.2)
n=0 1
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Proof: Multiplying X" on both the sides of (2.1) and taking sum from 0 to .
f., X" —ZaZ f . x"+(@° —b)z f x"=0

0

. [i XM £y - i } [Zf X" }(az—b)ifn X" =0

n=0

>
Il

|-

N

0 _ 9(x)

fox
(1-2ax+ (a® —b)x?)

n

NgE

Where g(x)= f, +(f, - 2af,)x+ (@2 —b)x>  (2.3)

>
I
o

Now since (1—2ax+(a’ —b)xz)z f, x" =g(x) Solving and neglecting terms contains second

n=0
and higher power of x. Putting g(x) or alternatively putting initial values in (2.3)
= X
f, x" = 2.4
nZ:;‘ " (1-2ax+(a” —b)x?) 24)

Now we proceed to find some more generating functions of {f }

Let F(x) =i fox" =%WhereAl =x and B, =1-2ax+(a®—b)x>.
n=0

1

Then Z f,x"= F(X)_ fy =31, 1{i} Since f, =0
n=0 n=0 X| B,
S f n __ Pl 2 2
Z(; va X' =5-Where B =1and B, =1-2ax-+(a” ~b)x". (2.5)
n=| 1
Again > f , X" =E{Z f X" — fl} = f, X" :l{i— fl}
n=0 X| =0 n=0 x| B;
D f X :l{i—l} Since f, =1
p—ry X| B,
> f X :&Where P,=2a-(a’-b)x and B, =1—2ax+(a”* —b)x>. (2.6)
n=0 Bl
H S n I:)k
Soingeneral > f , x"=—* (2.7)
n=0 B1
Where P =f —(@*-b)f_,x and B :1—2ax+(a2 —b)x2
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Particular Cases: Now on setting value of aand b in (2.4) to (2.6)

Generating Function of
Fibonacci Sequence

i _ _5
On setting a_y, =7

Generating Function of
Jacobsthal Sequence

On setting a:y, b:%

Generating Function
of Pell Sequence
On setting a=1, b=2

F, x" S >
n=0 (1_X_X )

NgE

>3, x" S
(1—x—-2x%)

P, x" S — >
n=0 (1_2X_X )

[Ms

ZFn+l Xn = 1 2
(I—x—x%)

-0

=]

an+1 x" =;2
(1-2x-x%)

n=0

1+2x

3X

D Fua X :1;)(2
n=0 (1_X_X )

3. GENERATING FUNCTIONS OF {f?} : In this section, again using same method we will
find generating functions of {f’°}

Lo S ol U S -
Z;‘ "2 1-x—2x?) 2P 1-2x—-x?)

n=0

Theorem: Generating functions of sequence of integer {f ’} is given by

M8
<
|
>

(3.1)

= B,
Where A, =x+(a*-b)x* and B,=1-(3a”+b)x+(a®-b)(3a’ +b)x* - (a> —h)*x’
Proof: To find p™ order generating function for {f_ } we have to expand {f "} by the Binomial
theorem for which we will use (1.2). This gives
a™ a"®Vp" L a"p"* B™  So this generating function has denominator as
A=) A=a®BX) oo (1-af"*x) - B°x) Hence to find second order
generating function for {f } we have to expand {f’} by the Binomial theorem for which we
(1.2). So that we can

{f"} as a linear combination of

will  use express {f°} as linear combination of

(ax — B)? (L—a’x) - B*X) (L—apx) and using (1.4) we get denominator of generating
functions for {f2}as B, =1-(3a’+b)x+(a’ -b)3a* +b)x* - (a’ -h)*x°

Consider ) f? x" = 9()

2 2 2 2 2 33 (32)
prc 1-(3a° +b)x+(a” —b)(3a“ +b)x* —(a“ —b)°x

9(x) =[1- (32 +b)x + (2 —b)(3a? + b)x* — (% ~b)*x*]> 2 x"
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Considering power of x up to two and neglecting higher powers

g(x) =(a* -b)*[x—(a* ~b)x’]

Substituting value of g(x) in (3.2) we get required result. Now we proceed to find some more

generating functions of {f?*} Let F (x)= i f2x" :E;i
n=0 2

Where A, =4[1-(2a*+ b)x + az(a2 ~b)x*Jand B, =1-(3a* +h)x+(a’-b)(3a” +b)x* —(a’ -h)’x°.

Then Zf x = F (X) i f? 1{i} Since f, =0

n+l
Py x| B,

_Q
Z X" = <2 3.3
fn+1 B2 ( )

WhereQ, =1+ (a° - h)x B, =1-(3a” +h)x+(a’-h)(3a” +h)x* - (a* - h)*x’

Again Z fn+2 X" {Z fn+1 X" — f12:| e Z fn+2 X' T x {(Bg_i_ f12:|

S fix =2 {g_z_ } N z £2 X ‘892 (3.4)
Where

Q, =4a*—(a’ —h)(3a® +b)x +(a* —b)® x* and B, =1- (3a° +b)x+ (a> —b) (3a + b)x* - (a° ~h)*x’
Particular Cases: On setting value of a, b in (3.1), (3.3) and (3.4).

Generating Function of Generating Function of Generating Function of
Fibonacci Sequence Jacobsthal Sequence Pell Sequence
On setting a:%, b=5, On setting a:%, b=% On setting a=1, b=2

=" Q-2x-2x*+x3) | &5 " 1-3x-6x*+8x%) | & " (1-5x—5x* +x%)

1-x N 1-2x 2 1-x
Fz X" = ‘]rir X" = PZ X =
HZ:(; T @-2x-2x2 + %) nZ::; T (1-3x-6x2 +8X°) HZ:;‘ m (1-5x—5x% + x°)

14 2x—x? - ; 1+ 6x—8x? - ] 4+5x—x*
T v oyl L 3 an P P 3 zpnzﬂx T By _Ev2 L3
(1-2x-2x"+Xx7)| o (1-3x—-6x"+8x") | &5 (1-5x-5x"+x°)

=1
HMS
o
M
N
N
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4. GENERATING FUNCTIONS OF{f’} : In this section, again using same method
generating functions of {f°} is obtained.

Theorem: Generating function of sequence of integer {fn3} is given by

ey A (4.1)

=
Where A, =x+4a(a®—h)x* +(a® -b)*x°
B, =1-4a(a’ +b)x+(6a° +2a‘b-6a’h® - 2b*)x* — (4a°® +8a°n° —8a’b - 4ab*)x°® +
(" +b' +15a°b® +15a’b* - 20a°h* —6a'’b — 6a’b°)x"
Proof: To find third order generating functions for {f°} we have to expand {f°} by the

s
p=}

and

Binomial theorem for which we will use (1.2). Consider

S f3 Xn — g(X)
=" 1-4a(a’ +b)x + (6a° + 2a*b — 6a’b® — 2b%)x* — (4a° + 8a’p® —8a'b — 4ab*)x®

+(a” +b" +15a°b* +15a‘b* — 20a’b® - 6a"b — 6a°b°)x"

g(x) =[1-4a(a® +b)x + (6a® + 2a*b —6a’b* — 2b*)x* — (4a° +8a’b® —8a’b — 4ab*)x*

+ (@ +b™ +15a%? +15a'b* — 20a%b® - 6a% — 6a°b%)x*]Y 2 X"
n=0

Considering power of x up to three and neglecting higher powers
g(x) = x+4a(a* -b)x* + (@’ -b)*x*
Substituting value of g(x) in (4.2) we get required result. Now we proceed to find some more

generating functions of {f’}. Let F,(x)=> f’x"= %
3

Where A, = x+4a(a” —b)x* + (a2’ —b)*x*and
B, =1-4a(a’* +b)x+(6a° +2a*h—6a’h® - 2b*)x* — (4a° +8a°h* —8a’'b—4ab*)x’ +

(a” +b" +15a°h® +15a‘b* — 20a°h* —6a'’b — 6a’b®)x"

Then an+l X" = P2 (X) Zfo = {sﬂ Since f, =0
X

3
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X" = Ry
Z foa X" = B, (4.3)

Where R, =1+4a(a”* —b)x +(a® —b)*x* and

B, =1-4a(a’® +b)x + (6a® +2a‘b —6a’b* - 2b*)x* — (4a° +8a°b*® —8a'b—4ab*)x* +
3
(a” +b" +15a°h® +15a‘b* — 20a°h* —6a'’b — 6a’b®)x"

R,
Again Z f2, x" [z f3 x"— ff} = z f2, x" X{B—— ff}
3
n n R4 .
z fo, X Z f2 x"=—% Since f, =1 (4.4)
x| B, B,

Where R, =8a®-(5a°-9a’h?+5a'b-b*)x+[8a°(a* -h)° —4a(a® -b)*]x* - (a* -b)*x*and
B, =1-4a(a’ +b)x+(6a° +2a‘b-6a’h® - 2b%)x* — (4a° +8a°n° —8a’b - 4ab*)x°® +
(" +b' +15a°b® +15a’b* — 20a°h* —6a'’b — 6a’b°)x"
Particular Cases: Now setting value of a, b in (4.1), (4.3) and (4.4).

Generating Function of Generating Function of Generating Function of
Fibonacci Sequence Jacobsthal Sequence Pell Sequence

On setting a:%, b:% On setting az}/z, b=94 On setting a=1, b=2

0 _ 23 0 _ _ 2 0 2
ZF"San X 2); x3 : ZJﬁx _ x(1 ézlx 8x3) z X(L-4x-x%)
Py 1-3x-6X"+3x"+X" | ™ 1-5x-30x° +40x° +64x*| & 1 12x - 30x> +12x° + x*
z —-2x-x* 2 1+4x-8x° 2 1-4x-x?
ZF”3+1 Xn: 1 2)2( . 3 4 Z u 2X 8X3 4 Z
s 1-3Xx—-6X"+3x"+X" | = 1—5x—30x +40x° +64x" | 1 1 12x—-30x% +12x° + x*

2. . 145x=-3 =X g3 o 1422 x—40x° - 64x° 8+29x-12x* - X
Zsz X = 2 3, o4 Z 2 3 : 2 X = 2 3, 4
pard 1-3x-6X"+3x+ X" | = ~ 1-5x—30x +40x° +64x ~ 1-12x-30x° +12x° + X

l\gs
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